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2-IRREDUCIBLE AND STRONGLY 2-IRREDUCIBLE
IDEALS OF COMMUTATIVE RINGS
H. MOSTAFANASAB AND A. YOUSEFIAN DARANI∗
Abstract. An ideal I of a commutative ring R is said to be irreducible
if it cannot be written as the intersection of two larger ideals. A proper
ideal I of a ring R is said to be strongly irreducible if for each ideals
J, K of R, J ∩K ⊆ I implies that J ⊆ I or K ⊆ I . In this paper, we
introduce the concepts of 2-irreducible and strongly 2-irreducible ideals
which are generalizations of irreducible and strongly irreducible ideals,
respectively. We say that a proper ideal I of a ring R is 2-irreducible
if for each ideals J, K and L of R, I = J ∩ K ∩ L implies that ei-
ther I = J ∩ K or I = J ∩ L or I = K ∩ L. A proper ideal I of a
ring R is called strongly 2-irreducible if for each ideals J, K and L of
R, J∩K∩L ⊆ I implies that either J∩K ⊆ I or J∩L ⊆ I or K∩L ⊆ I .
Keywords: Irreducible ideals, 2-irreducible ideals, strongly 2-irreducible
ideals.
MSC(2010): Primary: 13A15, 13C05; Secondary: 13F05, 13G05.
1. Introduction
Throughout this paper all rings are commutative with a nonzero identity.
Recall that an ideal I of a commutative ring R is irreducible if I = J ∩K
for ideals J and K of R implies that either I = J or I = K. A proper
ideal I of a ring R is said to be strongly irreducible if for each ideals J, K
of R, J ∩ K ⊆ I implies that J ⊆ I or K ⊆ I (see [3], [8]). Obviously
a proper ideal I of a ring R is strongly irreducible if and only if for each
x, y ∈ R, Rx ∩ Ry ⊆ I implies that x ∈ I or y ∈ I. It is easy to see that
any strongly irreducible ideal is an irreducible ideal. Now, we recall some
definitions which are the motivation of our work. Badawi in [4] generalized
the concept of prime ideals in a different way. He defined a nonzero proper
ideal I of R to be a 2-absorbing ideal of R if whenever a, b, c ∈ R and
abc ∈ I, then ab ∈ I or ac ∈ I or bc ∈ I. It is shown that a proper
ideal I of R is a 2-absorbing ideal if and only if whenever I1I2I3 ⊆ I for
some ideals I1, I2, I3 of R, then I1I2 ⊆ I or I1I3 ⊆ I or I2I3 ⊆ I. In
[18], Yousefian Darani and Puczy lowski studied the concept of 2-absorbing
commutative semigroups. Anderson and Badawi [2] generalized the concept
of 2-absorbing ideals to n-absorbing ideals. According to their definition,
a proper ideal I of R is called an n-absorbing (resp. strongly n-absorbing)
∗Corresponding author.
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ideal if whenever a1 · · · an+1 ∈ I for a1, ..., an+1 ∈ R (resp. I1 · · · In+1 ⊆ I
for ideals I1, · · · In+1 of R), then there are n of the ai’s (resp. n of the Ii’s)
whose product is in I. Thus a strongly 1-absorbing ideal is just a prime ideal.
Clearly a strongly n-absorbing ideal of R is also an n-absorbing ideal of R.
The concept of 2-absorbing primary ideals, a generalization of primary ideals
was introduced and investigated in [5]. A proper ideal I of a commutative
ring R is called a 2-absorbing primary ideal if whenever a, b, c ∈ R and
abc ∈ I, then either ab ∈ I or ac ∈ √I or bc ∈ √I. We refer the readers
to [6] for a specific kind of 2-absorbing ideals and to [14], [19], [20] for the
module version of the above definitions. We define an ideal I of a ring R to
be 2-irreducible if whenever I = J ∩K ∩L for ideals I, J and K of R, then
either I = J ∩ K or I = J ∩ L or I = K ∩ L. Obviously, any irreducible
ideal is a 2-irreducible ideal. Also, we say that a proper ideal I of a ring R is
called strongly 2-irreducible if for each ideals J, K and L of R, J ∩K∩L ⊆ I
implies that J ∩K ⊆ I or J ∩ L ⊆ I or K ∩ L ⊆ I. Clearly, any strongly
irreducible ideal is a strongly 2-irreducible ideal. In [17], [16] we can find the
notion of 2-irreducible preradicals and its dual, the notion of co-2-irreducible
preradicals. We call a proper ideal I of a ring R singly strongly 2-irreducible
if for each x, y, z ∈ R, Rx ∩ Ry ∩ Rz ⊆ I implies that Rx ∩ Ry ⊆ I or
Rx∩Rz ⊆ I or Ry∩Rz ⊆ I. It is trivial that any strongly 2-irreducible ideal
is a singly strongly 2-irreducible ideal. A ring R is said to be an arithmetical
ring, if for each ideals I, J and K of R, (I + J) ∩K = (I ∩K) + (J ∩K).
This condition is equivalent to the condition that for each ideals I, J and
K of R, (I ∩ J) +K = (I +K) ∩ (J +K), see [10]. In this paper we prove
that, a nonzero ideal I of a principal ideal domain R is 2-irreducible if and
only if I is strongly 2-irreducible if and only if I is 2-absorbing primary.
It is shown that a proper ideal I of a ring R is strongly 2-irreducible if
and only if for each x, y, z ∈ R, (Rx + Ry) ∩ (Rx + Rz) ∩ (Ry + Rz) ⊆ I
implies that (Rx+ Ry) ∩ (Rx+ Rz) ⊆ I or (Rx+Ry) ∩ (Ry +Rz) ⊆ I or
(Rx + Rz) ∩ (Ry + Rz) ⊆ I. A proper ideal I of a von Neumann regular
ring R is 2-irreducible if and only if I is 2-absorbing if and only if for every
idempotent elements e1, e2, e3 of R, e1e2e3 ∈ I implies that either e1e2 ∈ I
or e1e3 ∈ I or e2e3 ∈ I. If I is a 2-irreducible ideal of a Noetherian ring R,
then I is a 2-absorbing primary ideal of R. Let R = R1×R2, where R1 and
R2 are commutative rings with 1 6= 0. It is shown that a proper ideal J of
R is a strongly 2-irreducible ideal of R if and only if either J = I1 ×R2 for
some strongly 2-irreducible ideal I1 of R1 or J = R1 × I2 for some strongly
2-irreducible ideal I2 of R2 or J = I1× I2 for some strongly irreducible ideal
I1 of R1 and some strongly irreducible ideal I2 of R2. A proper ideal I of a
unique factorization domain R is singly strongly 2-irreducible if and only if
pn11 p
n2
2 · · · pnkk ∈ I, where pi’s are distinct prime elements of R and ni’s are
natural numbers, implies that pnrr p
ns
s ∈ I, for some 1 ≤ r, s ≤ k.
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2. Basic properties of 2-irreducible and strongly 2-irreducible
ideals
It is important to notice that when R is a domain, then R is an arithmeti-
cal ring if and only if R is a Pru¨fer domain. In particular, every Dedekind
domain is an arithmetical domain.
Theorem 2.1. Let R be a Dedekind domain and I be a nonzero proper ideal
of R. The following conditions are equivalent:
(1) I is a strongly irreducible ideal;
(2) I is an irreducible ideal;
(3) I is a primary ideal;
(4) I = Rpn for some prime (irreducible) element p of R and some
natural number n.
Proof. See [8, Lemma 2.2(3)] and [13, p. 130, Exercise 36]. 
We recall from [1] that an integral domain R is called a GCD-domain
if any two nonzero elements of R have a greatest common divisor (GCD),
equivalently, any two nonzero elements of R have a least common multiple
(LCM). Unique factorization domains (UFD’s) are well-known examples
of GCD-domains. Let R be a GCD-domain. The least common multiple
of elements x, y of R is denoted by [x, y]. Notice that for every elements
x, y ∈ R, Rx ∩ Ry = R[x, y]. Moreover, for every elements x, y, z of R, we
have [[x, y], z] = [x, [y, z]]. So we denote [[x, y], z] simply by [x, y, z].
Recall that every principal ideal domain (PID) is a Dedekind domain.
Theorem 2.2. Let R be a PID and I be a nonzero proper ideal of R. The
following conditions are equivalent:
(1) I is a 2-irreducible ideal;
(2) I is a 2-absorbing primary ideal;
(3) Either I = Rpk for some prime (irreducible) element p of R and
some natural number n, or I = R(pn1p
m
2 ) for some distinct prime
(irreducible) elements p1, p2 of R and some natural numbers n, m.
Proof. (2)⇔(3) See [5, Corollary 2.12].
(1)⇒(3) Assume that I = Ra where 0 6= a ∈ R. Let a = pn11 pn22 · · · pnkk be a
prime decomposition for a. We show that either k = 1 or k = 2. Suppose
that k > 2. By [9, p. 141, Exercise 5], we have that I = Rpn11 ∩Rpn22 ∩ · · · ∩
Rpnkk . Now, since I is 2-irreducible, there exist 1 ≤ i, j ≤ k such that I =
Rpnii ∩Rp
nj
j , say i = 1, j = 2. Therefore we have I = Rp
n1
1 ∩Rpn22 ⊆ Rpn33 ,
which is a contradiction.
(3)⇒(1) If I = Rpk for some prime element p of R and some natural number
n, then I is irreducible, by Theorem 2.1, and so I is 2-irreducible. Therefore,
assume that I = R(pn1p
m
2 ) for some distinct prime elements p1, p2 of R and
some natural numbers n, m. Let I = Ra ∩Rb ∩Rc for some elements a, b
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and c of R. Then a, b and c divide pn1p
m
2 , and so a = p
α1
1 p
α2
2 , b = p
β1
1 p
β2
2
and c = pγ11 p
γ2
2 where αi, βi, γi are some nonnegative integers. On the other
hand I = Ra∩Rb∩Rc = R[a, b, c] = R(pδ1pε2) in which δ = max{α1, β1, γ1}
and ε = max{α2, β2, γ2}. We can assume without loss of generality that
δ = α1 and ε = β2. So I = R(p
α1
1 p
β2
2 ) = Ra ∩ Rb. Consequently, I is
2-irreducible. 
A commutative ring R is called a von Neumann regular ring (or an ab-
solutely flat ring) if for any a ∈ R there exists an x ∈ R with a2x = a,
equivalently, I = I2 for every ideal I of R.
Remark 2.3. Notice that a commutative ring R is a von Neumann regular
ring if and only if IJ = I ∩ J for any ideals I, J of R, by [11, Lemma 1.2].
Therefore over a commutative von Neumann regular ring the two concepts
of strongly 2-irreducible ideals and of 2-absorbing ideals are coincide.
Theorem 2.4. Let I be a proper ideal of a ring R. Then the following
conditions are equivalent:
(1) I is strongly 2-irreducible;
(2) For every elements x, y, z of R, (Rx+Ry)∩(Rx+Rz)∩(Ry+Rz) ⊆ I
implies that (Rx+Ry)∩(Rx+Rz) ⊆ I or (Rx+Ry)∩(Ry+Rz) ⊆ I
or (Rx+Rz) ∩ (Ry +Rz) ⊆ I.
Proof. (1)⇒(2) There is nothing to prove.
(2)⇒(1) Suppose that J, K and L are ideals of R such that neither J∩K ⊆ I
nor J∩L ⊆ I nor K∩L ⊆ I. Then there exist elements x, y and z of R such
that x ∈ (J ∩K)\I and y ∈ (J ∩L)\I and z ∈ (K∩L)\I. On the other hand
(Rx+Ry) ∩ (Rx+Rz) ∩ (Ry +Rz) ⊆ (Rx+Ry) ⊆ J , (Rx+Ry) ∩ (Rx+
Rz)∩(Ry+Rz) ⊆ (Rx+Rz) ⊆ K and (Rx+Ry)∩(Rx+Rz)∩(Ry+Rz) ⊆
(Ry +Rz) ⊆ L. Hence (Rx+Ry) ∩ (Rx+Rz) ∩ (Ry +Rz) ⊆ I, and so by
hypothesis either (Rx+Ry)∩ (Rx+Rz) ⊆ I or (Rx+Ry)∩ (Ry+Rz) ⊆ I
or (Rx + Rz) ∩ (Ry + Rz) ⊆ I. Therefore, either x ∈ I or y ∈ I or z ∈ I,
which any of these cases has a contradiction. Consequently I is strongly
2-irreducible. 
A ring R is called a Be´zout ring if every finitely generated ideal of R is
principal.
As an immediate consequence of Theorem 2.4 we have the next result:
Corollary 2.5. Let I be a proper ideal of a Be´zout ring R. Then the fol-
lowing conditions are equivalent:
(1) I is strongly 2-irreducible;
(2) I is singly strongly 2-irreducible;
Now we can state the following open problem.
Problem 2.6. Let I be a singly strongly 2-irreducible ideal of a ring R. Is
I a strongly 2-irreducible ideal of R?
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Proposition 2.7. Let R be a ring. If I is a strongly 2-irreducible ideal of
R, then I is a 2-irreducible ideal of R.
Proof. Suppose that I is a strongly 2-irreducible ideal of R. Let J, K and
L be ideals of R such that I = J ∩K ∩L. Since J ∩K ∩L ⊆ I, then either
J ∩K ⊆ I or J ∩ L ⊆ I or K ∩ L ⊆ I. On the other hand I ⊆ J ∩K and
I ⊆ J ∩ L and I ⊆ K ∩ L. Consequently, either I = J ∩K or I = J ∩ L or
I = K ∩ L. Therefore I is 2-irreducible. 
Remark 2.8. It is easy to check that the zero ideal I = {0} of a ring R is
2-irreducible if and only if I is strongly 2-irreducible.
Proposition 2.9. Let I be a proper ideal of an arithmetical ring R. The
following conditions are equivalent:
(1) I is a 2-irreducible ideal of R;
(2) I is a strongly 2-irreducible ideal of R;
(3) For every ideals I1 , I2 and I3 of R with I ⊆ I1, I1 ∩ I2 ∩ I3 ⊆ I
implies that I1 ∩ I2 ⊆ I or I1 ∩ I3 ⊆ I or I2 ∩ I3 ⊆ I.
Proof. (1)⇒(2) Assume that J, K and L are ideals of R such that J∩K∩L ⊆
I. Therefore I = I+(J ∩K ∩L) = (I +J)∩ (I+K)∩ (I+L), since R is an
arithmetical ring. So either I = (I+J)∩ (I+K) or I = (I+J)∩ (I+L) or
I = (I+K)∩ (I+L), and thus either J ∩K ⊆ I or J ∩L ⊆ I or K ∩L ⊆ I.
Hence I is a strongly 2-irreducible ideal.
(2)⇒(3) is clear.
(3)⇒(2) Let J, K and L be ideals of R such that J ∩ K ∩ L ⊆ I. Set
I1 := J + I, I2 := K and I3 := L. Since R is an arithmetical ring, then
I1 ∩ I2 ∩ I3 = (J + I) ∩ K ∩ L = (J ∩ K ∩ L) + (I ∩ K ∩ L) ⊆ I. Hence
either I1 ∩ I2 ⊆ I or I1 ∩ I3 ⊆ I or I2 ∩ I3 ⊆ I which imply that either
J ∩ K ⊆ I or J ∩ L ⊆ I or K ∩ L ⊆ I, respectively. Consequently, I is a
strongly 2-irreducible ideal of R.
(2)⇒(1) By Proposition 2.7. 
As an immediate consequence of Theorem 2.2 and Proposition 2.9 we
have the next result.
Corollary 2.10. Let R be a PID and I be a nonzero proper ideal of R.
The following conditions are equivalent:
(1) I is a strongly 2-irreducible ideal;
(2) I is a 2-irreducible ideal;
(3) I is a 2-absorbing primary ideal;
(4) Either I = Rpk for some prime (irreducible) element p of R and
some natural number n, or I = R(pn1p
m
2 ) for some distinct prime
(irreducible) elements p1, p2 of R and some natural numbers n, m.
The following example shows that the concepts of strongly irreducible
(irreducible) ideals and of strongly 2-irreducible (2-irreducible) ideals are
different in general.
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Example 2.11. Consider the ideal 6Z of the ring Z. By Corollary 2.10,
6Z = (2.3)Z is a strongly 2-irreducible (a 2-irreducible) ideal of Z. But,
Theorem 2.1 says that 6Z is not a strongly irreducible (an irreducible) ideal
of Z.
It is well known that every von Neumann regular ring is a Be´zout ring.
By [10, p. 119], every Be´zout ring is an arithmetical ring.
Corollary 2.12. Let I be a proper ideal of a von Neumann regular ring R.
The following conditions are equivalent:
(1) I is a 2-absorbing ideal of R;
(2) I is a 2-irreducible ideal of R;
(3) I is a strongly 2-irreducible ideal of R;
(4) I is a singly strongly 2-irreducible of R;
(5) For every idempotent elements e1, e2, e3 of R, e1e2e3 ∈ I implies that
either e1e2 ∈ I or e1e3 ∈ I or e2e3 ∈ I.
Proof. (1)⇔(3) By Remark 2.3.
(2)⇔(3) By Proposition 2.9.
(3)⇔(4) By Corollary 2.5.
(1)⇒(5) is evident.
(5)⇒(3) The proof follows from Theorem 2.4 and the fact that any finitely
generated ideal of a von Neumann regular ring R is generated by an idem-
potent element. 
Proposition 2.13. Let I1, I2 be strongly irreducible ideals of a ring R.
Then I1 ∩ I2 is a strongly 2-irreducible ideal of R.
Proof. Strightforward. 
Theorem 2.14. Let R be a Noetherian ring. If I is a 2-irreducible ideal
of R, then either I is irreducible or I is the intersection of exactly two
irreducible ideals. The converse is true when R is also arithmetical.
Proof. Assume that I is 2-irreducible. By [15, Proposition 4.33], I can be
written as a finite irredundant irreducible decomposition I = I1 ∩ I2 ∩ · · · ∩
Ik. We show that either k = 1 or k = 2. If k > 3, then since I is 2-
irreducible, I = Ii ∩ Ij for some 1 ≤ i, j ≤ k, say i = 1 and j = 2. Therefore
I1 ∩ I2 ⊆ I3, which is a contradiction. For the second atatement, let R
be arithmetical, and I be the intersection of two irreducible ideals. Since
R is arithmetical, every irreducible ideal is strongly irreducible, [8, Lemma
2.2(3)]. Now, apply Proposition 2.13 to see that I is strongly 2-irreducible,
and so I is 2-irreducible. 
Corollary 2.15. Let R be a Noetherian ring and I be a proper ideal of R.
If I is 2-irreducible, then I is a 2-absorbing primary ideal of R.
Proof. Assume that I is 2-irreducible. By the fact that every irreducible
ideal of a Noetherian ring is primary and regarding Theorem 2.14, we have
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either I is a primary ideal or is the intersection of two primary ideals. It is
clear that every primary ideal is 2-absorbing primary, also the intersection of
two primary ideals is a 2-absorbing primary ideal, by [5, Theorem 2.4]. 
Proposition 2.16. Let R be a ring, and let P1, P2 and P3 be pairwise
comaximal prime ideals of R. Then P1P2P3 is not a 2-irreducible ideal.
Proof. The proof is easy. 
Corollary 2.17. If R is a ring such that every proper ideal of R is 2-
irreducible, then R has at most two maximal ideals.
Theorem 2.18. Let I be a radical ideal of a ring R, i.e., I =
√
I. The
following conditions are equivalent:
(1) I is strongly 2-irreducible;
(2) I is 2-absorbing;
(3) I is 2-absorbing primary;
(4) I is either a prime ideal of R or is an intersection of exactly two
prime ideals of R.
Proof. (1)⇒(2) Assume that I is strongly 2-irreducible. Let J, K and L be
ideals of R such that JKL ⊆ I. Then J ∩K ∩ L ⊆ √J ∩K ∩ L ⊆ √I = I.
So, either J ∩K ⊆ I or J ∩ L ⊆ I or K ∩ L ⊆ I. Hence either JK ⊆ I or
JL ⊆ I or KL ⊆ I. Consequently I is 2-absorbing.
(2)⇔(3) is obvious.
(2)⇒(4) If I is a 2-absorbing ideal, then either √I is a prime ideal or is an
intersection of exactly two prime ideals, [4, Theorem 2.4]. Now, we prove
the claim by assumption that I =
√
I.
(4)⇒(1) By Proposition 2.13. 
Theorem 2.19. Let f : R → S be a surjective homomorphism of commu-
tative rings, and let I be an ideal of R containing Ker(f). Then,
(1) If I is a strongly 2-irreducible ideal of R, then Ie is a strongly 2-
irreducible ideal of S.
(2) I is a 2-irreducible ideal of R if and only if Ie is a 2-irreducible ideal
of S.
Proof. Since f is surjective, Jce = J for every ideal J of S. Moreover,
(K ∩L)e = Ke ∩Le and Kec = K for every ideals K, L of R which contain
Ker(f).
(1) Suppose that I is a strongly 2-irreducible ideal of R. If Ie = S, then
I = Iec = R, which is a contradiction. Let J1, J2 and J3 be ideals of S
such that J1 ∩ J2 ∩ J3 ⊆ Ie. Therefore Jc1 ∩ Jc2 ∩ Jc3 ⊆ Iec = I. So, either
Jc1 ∩ Jc2 ⊆ I or Jc1 ∩ Jc3 ⊆ I or Jc2 ∩ Jc3 ⊆ I. Without loss of generality, we
may assume that Jc1 ∩ Jc2 ⊆ I. So, J1 ∩ J2 = (J1 ∩ J2)ce ⊆ Ie. Hence Ie is
strongly 2-irreducible.
(2) The necessity is similar to part (1). Conversely, let Ie be a strongly
2-irreducible ideal of S, and let I1, I2 and I3 be ideals of R such that
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I = I1 ∩ I2 ∩ I3. Then Ie = Ie1 ∩ Ie2 ∩ Ie3 . Hence, either Ie = Ie1 ∩ Ie2 or
Ie = Ie1 ∩ Ie3 or Ie = Ie2 ∩ Ie3 . We may assume that Ie = Ie1 ∩ Ie2 . Therefore,
I = Iec = Iec1 ∩ Iec2 = I1 ∩ I2. Consequently, I is strongly 2-irreducible. 
Corollary 2.20. Let f : R → S be a surjective homomorphism of commu-
tative rings. There is a one-to-one correspondence between the 2-irreducible
ideals of R which contain Ker(f) and 2-irreducible ideals of S.
Recall that a ring R is called a Laskerian ring if every proper ideal of
R has a primary decomposition. Noetherian rings are some examples of
Laskerian rings.
Let S be a multiplicatively closed subset of a ring R. In the next theorem,
consider the natural homomorphism f : R→ S−1R defined by f(x) = x/1.
Theorem 2.21. Let I be a proper ideal of a ring R and S be a multiplica-
tively closed set in R.
(1) If I is a strongly 2-irreducible ideal of S−1R, then Ic is a strongly
2-irreducible ideal of R.
(2) If I is a primary strongly 2-irreducible ideal of R such that I∩S = ∅,
then Ie is a strongly 2-irreducible ideal of S−1R.
(3) If I is a primary ideal of R such that Ie is a strongly 2-irreducible
ideal of S−1R, then I is a strongly 2-irreducible ideal of R.
(4) If R′ is a faithfully flat extension ring of R and if IR′ is a strongly
2-irreducible ideal of R′, then I is a strongly 2-irreducible ideal of R.
(5) If I is strongly 2-irreducible and H is an ideal of R such that H ⊆ I,
then I/H is a strongly 2-irreducible ideal of R/H.
(6) If R is a Laskerian ring, then every strongly 2-irreducible ideal is
either a primary ideal or is the intersection of two primary ideals.
Proof. (1) Assume that I is a strongly 2-irreducible ideal of S−1R. Let J, K
and L be ideals of R such that J ∩K∩L ⊆ Ic. Then Je∩Ke∩Le ⊆ Ice = I.
Hence either Je ∩Ke ⊆ I or Je ∩ Le ⊆ I or Ke ∩ Le ⊆ I since I is strongly
2-irreducible. Therefore either J ∩ K ⊆ Ic or J ∩ L ⊆ Ic or K ∩ L ⊆ Ic.
Consequently Ic is a strongly 2-irreducible ideal of R.
(2) Suppose that I is a primary strongly 2-irreducible ideal such that I∩S =
∅. Let J, K and L be ideals of S−1R such that J ∩K ∩L ⊆ Ie. Since I is a
primary ideal, then Jc∩Kc∩Lc ⊆ Iec = I. Thus Jc∩Kc ⊆ I or Jc∩Lc ⊆ I
or Kc ∩ Lc ⊆ I. Hence J ∩K ⊆ Ie or J ∩ L ⊆ Ie or K ∩ L ⊆ Ie.
(3) Let I be a primary ideal of R, and let Ie be a strongly 2-irreducible ideal
of S−1R. By part (1), Iec is strongly 2-irreducible. Since I is primary, we
have Iec = I, and thus we are done.
(4) Let J, K and L be ideals of R such that J ∩ K ∩ L ⊆ I. Thus
JR′ ∩KR′ ∩ LR′ = (J ∩K ∩ L)R′ ⊆ IR′, by [7, Lemma 9.9]. Since IR′ is
strongly 2-irreducible, then either JR′ ∩KR′ ⊆ IR′ or JR′ ∩ LR′ ⊆ IR′ or
KR′∩LR′ ⊆ IR′. Without loss of generality, assume that JR′∩KR′ ⊆ IR′.
So, (JR′ ∩ R) ∩ (KR′ ∩ R) ⊆ IR′ ∩ R. Hence J ∩K ⊆ I, by [12, Theorem
4.74]. Consequently I is strongly 2-irreducible.
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(5) Let J, K and L be ideals of R containing H such that (J/H)∩ (K/H)∩
(L/H) ⊆ I/H. Hence J∩K∩L ⊆ I. Therefore, either J∩K ⊆ I or J∩L ⊆ I
or K ∩ L ⊆ I. Thus, (J/H) ∩ (K/H) ⊆ I/H or (J/H) ∩ (L/H) ⊆ I/H or
(K/H) ∩ (L/H) ⊆ I/H. Consequently, I/H is strongly 2-irreducible.
(6) Let I be a strongly 2-irreducible ideal and ∩ni=1Qi be a primary decom-
position of I. Since ∩ni=1Qi ⊆ I, then there are 1 ≤ r, s ≤ n such that
Qr ∩Qs ⊆ I = ∩ni=1Qi ⊆ Qr ∩Qs. 
Let S be a multiplicatively closed subset of a ring R. Set
C := {Ic | I is an ideal of RS}.
Corollary 2.22. Let R be a ring and S be a multiplicatively closed subset
of R. Then there is a one-to-one correspondence between the strongly 2-
irreducible ideals of RS and strongly 2-irreducible ideals of R contained in
C which do not meet S.
Proof. If I is a strongly 2-irreducible ideal of RS , then evidently I
c 6= R,
Ic ∈ C and by Theorem 2.21(1), Ic is a strongly 2-irreducible ideal of R.
Conversely, let I be a strongly 2-irreducible ideal of R, I ∩S = ∅ and I ∈ C.
Since I ∩ S = ∅, Ie 6= RS . Let J ∩K ∩L ⊆ Ie where J, K and L are ideals
of RS . Then J
c ∩ Kc ∩ Lc = (J ∩ K ∩ L)c ⊆ Iec. Now since I ∈ C, then
Iec = I. So Jc ∩Kc ∩ Lc ⊆ I. Hence, either Jc ∩Kc ⊆ I or Jc ∩ Lc ⊆ I or
Kc∩Lc ⊆ I. Then, either J ∩K = (J ∩K)ce ⊆ Ie or J ∩L = (J ∩L)ce ⊆ Ie
or K∩L = (K∩L)ce ⊆ Ie. Consequently, Ie is a strongly 2-irreducible ideal
of RS . 
Let n be a natural number. We say that I is an n-primary ideal of a ring
R if I is the intersection of n primary ideals of R.
Proposition 2.23. Let R be a ring. Then the following conditions are
equivalent:
(1) Every n-primary ideal of R is a strongly 2-irreducible ideal;
(2) For any prime ideal P of R, every n-primary ideal of RP is a strongly
2-irreducible ideal;
(3) For any maximal ideal m of R, every n-primary ideal of Rm is a
strongly 2-irreducible ideal.
Proof. (1)⇒(2) Let I be an n-primary ideal of RP . We know that Ic is an
n-primary ideal of R, Ic ∩ (R\P ) = ∅, Ic ∈ C and, by the assumption, Ic is
a strongly 2-irreducible ideal of R. Now, by Corollary 2.22, I = (Ic)P is a
strongly 2-irreducible ideal of RP .
(2)⇒(3) is clear.
(3)⇒(1) Let I be an n-primary ideal of R and let m be a maximal ideal
of R containing I . Then, Im is an n-primary ideal of Rm and so, by our
assumption, Im is a strongly 2-irreducible ideal of Rm. Now by Theorem
2.27(1), (Im)
c is a strongly 2-irreducible ideal of R, and since I is an n-
primary ideal of R, (Im)
c = I, that is, I is a strongly 2-irreducible ideal of
R. 
10 MOSTAFANASAB AND YOUSEFIAN DARANI
Theorem 2.24. Let R = R1 × R2, where R1 and R2 are rings with 1 6= 0.
Let J be a proper ideal of R. Then the following conditions are equivalent:
(1) J is a strongly 2-irreducible ideal of R;
(2) Either J = I1 × R2 for some strongly 2-irreducible ideal I1 of R1
or J = R1 × I2 for some strongly 2-irreducible ideal I2 of R2 or
J = I1 × I2 for some strongly irreducible ideal I1 of R1 and some
strongly irreducible ideal I2 of R2.
Proof. (1)⇒(2) Assume that J is a strongly 2-irreducible ideal of R. Then
J = I1 × I2 for some ideal I1 of R1 and some ideal I2 of R2. Suppose that
I2 = R2. Since J is a proper ideal of R, I1 6= R1. Let R′ = R{0}×R2 . Then
J ′ = J{0}×R2 is a strongly 2-irreducible ideal of R
′ by Theorem 2.21(5). Since
R′ is ring-isomorphic to R1 and I1 ≃ J ′, I1 is a strongly 2-irreducible ideal
of R1. Suppose that I1 = R1. Since J is a proper ideal of R, I2 6= R2.
By a similar argument as in the previous case, I2 is a strongly 2-irreducible
ideal of R2. Hence assume that I1 6= R1 and I2 6= R2. Suppose that
I1 is not a strongly irreducible ideal of R1. Then there are x, y ∈ R1
such that R1x ∩ R1y ⊆ I1 but neither x ∈ I1 nor y ∈ I1. Notice that
(R1x×R2)∩ (R1×{0})∩ (R1y×R2) = (R1x∩R1y)×{0} ⊆ J , but neither
(R1x×R2) ∩ (R1 × {0}) = R1x× {0} ⊆ J nor (R1x× R2) ∩ (R1y ×R2) =
(R1x∩R1y)×R2 ⊆ J nor (R1×{0})∩ (R1y×R2) = R1y×{0} ⊆ J , which
is a contradiction. Thus I1 is a strongly irreducible ideal of R1. Suppose
that I2 is not a strongly irreducible ideal of R2. Then there are z, w ∈ R2
such that R2z ∩ R2w ⊆ I2 but neither z ∈ I2 nor w ∈ I2. Notice that
(R1×R2z)∩ ({0}×R2)∩ (R1×R2w) = {0}× (R2z∩R2w) ⊆ J , but neither
(R1 ×R2z) ∩ ({0} ×R2) = {0} ×R2z ⊆ J , nor (R1 ×R2z) ∩ (R1 ×R2w) =
R1× (R2z∩R2w) ⊆ J nor ({0}×R2)∩ (R1×R2w) = {0}×R2w ⊆ J , which
is a contradiction. Thus I2 is a strongly irreducible ideal of R2.
(2)⇒(1) If J = I1 × R2 for some strongly 2-irreducible ideal I1 of R1 or
J = R1 × I2 for some strongly 2-irreducible ideal I2 of R2, then it is clear
that J is a strongly 2-irreducible ideal of R. Hence assume that J = I1× I2
for some strongly irreducible ideal I1 of R1 and some strongly irreducible
ideal I2 of R2. Then I
′
1 = I1 ×R2 and I ′2 = R1 × I2 are strongly irreducible
ideals of R. Hence I ′1 ∩ I ′2 = I1 × I2 = J is a strongly 2-irreducible ideal of
R by Proposition 2.13. 
Theorem 2.25. Let R = R1 × R2 × · · · × Rn, where 2 ≤ n < ∞, and
R1, R2, ..., Rn are rings with 1 6= 0. Let J be a proper ideal of R. Then the
following conditions are equivalent:
(1) J is a strongly 2-irreducible ideal of R.
(2) Either J = ×nt=1It such that for some k ∈ {1, 2, ..., n}, Ik is a strongly
2-irreducible ideal of Rk, and It = Rt for every t ∈ {1, 2, ..., n}\{k}
or J = ×nt=1It such that for some k,m ∈ {1, 2, ..., n}, Ik is a strongly
irreducible ideal of Rk, Im is a strongly irreducible ideal of Rm, and
It = Rt for every t ∈ {1, 2, ..., n}\{k,m}.
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Proof. We use induction on n. Assume that n = 2. Then the result is valid
by Theorem 2.24. Thus let 3 ≤ n < ∞ and assume that the result is valid
when K = R1 × · · · × Rn−1. We prove the result when R = K × Rn. By
Theorem 2.24, J is a strongly 2-irreducible ideal of R if and only if either
J = L × Rn for some strongly 2-irreducible ideal L of K or J = K × Ln
for some strongly 2-irreducible ideal Ln of Rn or J = L × Ln for some
strongly irreducible ideal L of K and some strongly irreducible ideal Ln of
Rn. Observe that a proper ideal Q of K is a strongly irreducible ideal of K
if and only if Q = ×n−1t=1 It such that for some k ∈ {1, 2, ..., n − 1}, Ik is a
strongly irreducible ideal of Rk, and It = Rt for every t ∈ {1, 2, ..., n−1}\{k}.
Thus the claim is now verified. 
Lemma 2.26. Let R be a GCD-domain and I be a proper ideal of R. The
following conditions are equivalent:
(1) I is a singly strongly 2-irreducible ideal;
(2) For every elements x, y, z ∈ R, [x, y, z] ∈ I implies that [x, y] ∈ I or
[x, z] ∈ I or [y, z] ∈ I.
Proof. Since for every elements x, y of R we have Rx ∩Ry = R[x, y], there
is nothing to prove. 
Now we study singly strongly 2-irreducible ideals of a UFD.
Theorem 2.27. Let R be a UFD, and let I be a proper ideal of R. Then
the following conditions hold:
(1) I is singly strongly 2-irreducible if and only if for each elements
x, y, z of R, [x, y, z] ∈ I implies that either [x, y] ∈ I or [x, z] ∈ I or
[y, z] ∈ I.
(2) I is singly strongly 2-irreducible if and only if pn11 p
n2
2 · · · pnkk ∈ I,
where pi’s are distinct prime elements of R and ni’s are natural
numbers, implies that pnrr p
ns
s ∈ I, for some 1 ≤ r, s ≤ k.
(3) If I is a nonzero principal ideal, then I is singly strongly 2-irreducible
if and only if the generator of I is a prime power or the product of
two prime powers.
(4) Every singly strongly 2-irreducible ideal is a 2-absorbing primary
ideal.
Proof. (1) By Lemma 2.26.
(2) Suppose that I is singly strongly 2-irreducible and pn11 p
n2
2 · · · pnkk ∈ I in
which pi’s are distinct prime elements of R and ni’s are natural numbers.
Then [pn11 , p
n2
2 , . . . , p
nk
k ] = p
n1
1 p
n2
2 · · · pnkk ∈ I. Hence by part (1), there are
1 ≤ r, s ≤ k such that [pnrr , pnss ] ∈ I, i.e., pnrr pnss ∈ I.
For the converse, let [x, y, z] ∈ I for some x, y, z ∈ R\{0}. Assume that x, y
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and z have prime decompositions as below,
x = pα11 p
α2
2 · · · pαkk qβ11 qβ22 · · · qβss ,
y = pγ11 p
γ2
2 · · · pγkk rδ11 rδ22 · · · rδuu ,
z = pε11 p
ε2
2 · · · pεk′k′ qλ11 qλ22 · · · q
λs′
s′ r
µ1
1 r
µ2
2 · · · rµu′u′ sκ11 sκ22 · · · sκvv ,
in which 0 ≤ k′ ≤ k, 0 ≤ s′ ≤ s and 0 ≤ u′ ≤ u. Therefore,
[x, y, z] = pν11 p
ν2
2 · · · pνk′k′ p
ωk′+1
k′+1 · · · pωkk qρ11 qρ22 · · · q
ρs′
s′
q
βs′+1
s′+1 · · · qβss rσ11 rσ22 · · · r
σu′
u′ r
δu′+1
u′+1 · · · rδuu sκ11 sκ22 · · · sκvv ∈ I,
where νi = max{αi, γi, εi} for every 1 ≤ i ≤ k′; ωj = max{αj , γj} for every
k′ < j ≤ k; ρi = max{βi, λi} for every 1 ≤ i ≤ s′; σi = max{δi, µi} for
every 1 ≤ i ≤ u′. By part (2), we have twenty one cases. For example
we investigate the following two cases. The other cases can be verified in a
similar way.
Case 1. For some 1 ≤ i, j ≤ k′, pνii pνjj ∈ I. If νi = αi and νj = αj , then
clearly x ∈ I and so [x, y] ∈ I. If νi = αi and νj = γj , then pαii pγjj | [x, y]
and thus [x, y] ∈ I. If νi = αi and νj = εj , then pαii pεjj | [x, z] and thus
[x, z] ∈ I.
Case 2. Let pνii p
ωj
j ∈ I; for some 1 ≤ i ≤ k′ and k′ + 1 ≤ j ≤ k. For
νi = αi, ωj = αj we have x ∈ I and so [x, y] ∈ I. For νi = εi, ωj = γj we
have [y, z] ∈ I.
Consequently I is singly strongly 2-irreducible, by part (1).
(3) Suppose that I = Ra for some nonzero element a ∈ R. Assume that I
is singly strongly 2-irreducible. Let a = pn11 p
n2
2 · · · pnkk be a prime decompo-
sition for a such that k > 2. By part (2) we have that pnrr p
ns
s ∈ I for some
1 ≤ r, s ≤ k. Therefore I = R(pnrr pnss ).
Conversely, if a is a prime power, then I is strongly irreducible ideal, by
[3, Theorem 2.2(3)]. Hence I is singly strongly 2-irreducible. Let I =
R(prqs) for some prime elements p, q of R. Assume that for some dis-
tinct prime elements q1, q2, ..., qk of R and natural numbers m1,m2, ...,mk,
qm11 q
m2
2 · · · qmkk ∈ I = R(prqs). Then prqs | qm11 qm22 · · · qmkk . Hence there
exists 1 ≤ i ≤ k such that p = qi and r ≤ mi, also there exists 1 ≤ j ≤ k
such that q = qj and s ≤ mj. Then, since prqs ∈ I, we have qmii qmjj ∈ I.
Now, by part (2), I is singly strongly 2-irreducible.
(4) Let I be singly strongly 2-irreducible and xyz ∈ I for some x, y, z ∈
R\{0}. Consider the following prime decompositions,
x = pα11 p
α2
2 · · · pαkk qβ11 qβ22 · · · qβss ,
y = pγ11 p
γ2
2 · · · pγkk rδ11 rδ22 · · · rδuu ,
z = pε11 p
ε2
2 · · · pεk′k′ qλ11 qλ22 · · · q
λs′
s′ r
µ1
1 r
µ2
2 · · · rµu′u′ sκ11 sκ22 · · · sκvv ,
in which 0 ≤ k′ ≤ k, 0 ≤ s′ ≤ s and 0 ≤ u′ ≤ u. By these representations
we have,
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xyz = pα1+γ1+ε11 p
α2+γ2+ε2
2 · · · pαk′+γk′+εk′k′ p
αk′+1+γk′+1
k′+1
· · · pαk+γkk qβ1+λ11 qβ2+λ22 · · · q
βs′+λs′
s′ q
βs′+1
s′+1 · · · qβss
rδ1+µ11 r
δ2+µ2
2 · · · rδu′+µu′u′ r
δu′+1
u′+1 · · · rδuu sκ11 sκ22 · · · sκvv ∈ I.
Now, apply part (2). We investigate some cases that can be happened, the
other cases similarly lead us to the claim that I is 2-absorbing primary.
First, assume for some 1 ≤ i, j ≤ k′, pαi+γi+εii p
αj+γj+εj
j ∈ I. Choose a
natural number n such that n ≥ max{αi+γi
εi
,
αj+γj
εj
}. With this choice we
have (n+1)εi ≥ αi+γi+εi and (n+1)εj ≥ αj+γj+εj, so p(n+1)εii p(n+1)εjj ∈ I.
Then zn+1 ∈ I, so z ∈ √I. The other one case; assume that for some 1 ≤ i ≤
k′ and k′+1 ≤ j ≤ k, pαi+γi+εii pαj+γjj ∈ I. Choose a natural number n such
that n ≥ max{αi+εi
γi
,
αj
γj
}. With this choice we have (n+ 1)γi ≥ αi + γi + εi
and (n+1)γj ≥ αj+γj, thus p(n+1)γii p(n+1)γjj ∈ I. Then yn+1 ∈ I, so y ∈
√
I.
Assume that pαi+γii s
κj
j ∈ I, for some k′ + 1 ≤ i ≤ k and some 1 ≤ j ≤ v.
Let n be a natural number where n ≥ γi
αi
, then (n + 1)αi ≥ αi + γi. Hence
p
(n+1)αi
i s
(n+1)κj
j ∈ I which shows that xz ∈
√
I. Suppose that for some
s′ + 1 ≤ i ≤ s and u′ + 1 ≤ j ≤ u, qβii rδjj ∈ I. Then, clearly xy ∈ I. 
Corollary 2.28. Let R be a UFD.
(1) Every principal ideal of R is a singly strongly 2-irreducible ideal if
and only if it is a 2-absorbing primary ideal.
(2) Every singly strongly 2-irreducible ideal of R can be generated by a
set of elements of the forms pn and pnii p
nj
j in which p, pi, pj are some
prime elements of R and n, ni, nj are some natural numbers.
(3) Every 2-absorbing ideal of R is a singly strongly 2-irreducible ideal.
Proof. (1) Suppose that I is singly strongly 2-irreducible ideal. By Theorem
2.27(4), I is a 2-absorbing primary ideal. Conversely, let I be a nonzero 2-
absorbing primary ideal. Let I = Ra, where 0 6= a ∈ I. Assume that
a = pn11 p
n2
2 · · · pnkk be a prime decomposition for a. If k > 2, then since
pn11 p
n2
2 · · · pnkk ∈ I and I is a 2-absorbing primary ideal, there exist a natural
number n, and integers 1 ≤ i, j ≤ k such that pnnii pnnjj ∈ I, say i = 1 and
j = 2. Therefore p3 | pnn11 pnn22 which is a contradiction. Therefore k = 1
or 2, that is I = Rpn11 or I = R(p
n1
1 p
n2
2 ), respectively. Hence by Theorem
2.27(3), I is singly strongly 2-irreducible.
(2) Let X be a generator set for a singly strongly 2-irreducible ideal of I,
and let x be a nonzero element of X. Assume that x = pn11 p
n2
2 · · · pnkk be a
prime decomposition for x such that k ≥ 2. By Theorem 2.27(2), for some
1 ≤ i, j ≤ k, we have pnii pnjj ∈ I, and then Rx ⊆ Rpnii pnjj ⊆ I. Consequently,
I can be generated by a set of elements of the forms pn and pnii p
nj
j .
(3) is a direct consequence of Theorem 2.27(2). 
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The following example shows that in part (1) of Corollary 2.28 the con-
dition that I is principal is necessary. Moreover, the converse of part (2) of
this corollary need not be true.
Example 2.29. Let F be a field and R = F [x, y, z], where x, y and z
are independent indeterminates. We know that R is a UFD. Suppose
that I = 〈x, y2, z2〉. Since √〈x, y2, z2〉 = 〈x, y, z〉 is a maximal ideal of
R, I is a primary ideal and so is a 2-absorbing primary ideal. Notice that
(x + y + z)yz ∈ I, but neither (x + y + z)y ∈ I nor (x + y + z)z ∈ I nor
yz ∈ I. Consequently, I is not singly strongly 2-irreducible, by Theorem
2.27(2).
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